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a b s t r a c t
Suppose that K is a nonempty closed convex subset of a real uniformly convex Banach
space E with P as a nonexpansive retraction. Let T1, T2 : K → E be two asymptotically
nonexpansive nonself-mappings with sequences {kn}, {ln} ⊂ [1,∞) such that∑∞n=1(kn −
1) <∞ and∑∞n=1(ln − 1) <∞, respectively and F(T1) ∩ F(T2) = {x ∈ K : T1x = T2x =
x} ≠ ∅. Suppose that {xn} is generated iteratively by
x1 ∈ K
xn+1 = P((1− αn)xn + αnT1(PT1)n−1yn)
yn = P((1− βn)xn + βnT2(PT2)n−1xn), ∀n ≥ 1,
where {αn} and {βn} are two real sequences in [ϵ, 1 − ϵ] for some ϵ > 0. If E also
has a Fréchet differentiable norm or its dual E∗ has the Kadec–Klee property, then weak
convergence of {xn} to some q ∈ F(T1) ∩ F(T2) are obtained.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Throughout this work, we assume that E is a real Banach space, E∗ is the dual space of E and J : E → 2E∗ is the normalized
duality mapping defined by
J(x) = {f ∈ E∗ : ⟨x, f ⟩ = ‖x‖ ‖f ‖ ‖f ‖ = ‖x‖}, ∀x ∈ E,
where ⟨·, ·⟩ denotes duality pairing between E and E∗. A single-valued normalized duality mapping is denoted by j.
A Banach space E is said to have a Fréchet differentiable norm [1] if for all x ∈ U = {x ∈ E : ‖x‖ = 1}
lim
t→0
‖x+ ty‖ − ‖x‖
t
exists and is attained uniformly in y ∈ U . In this case, there exists an increasing function b : [0,∞) → [0,∞) with
limt→0+ b(t)t = 0 such that
1
2
‖x‖2 + ⟨h, j(x)⟩ ≤ 1
2
‖x+ h‖2 ≤ 1
2
‖x‖2 + ⟨h, j(x)⟩ + b(‖h‖), ∀x, h ∈ E. (1.1)
A Banach space E is said to have the Kadec–Klee property [2] if for every sequence {xn} in E, xn → x weakly and
‖xn‖ → ‖x‖, it follows that xn → x strongly.
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A subset K of E is said to be retract of E [3] if there exists a continuous mapping P : E → K such that Px = x for all x ∈ K .
Every closed convex subset of a uniformly convex Banach space is a retract. A mapping P : E → E is said to be a retraction
if P2 = P . It follows that if a mapping P is a retraction, then Py = y for all y in the range of P .
Definition 1.1 (See [3]). Let K be a nonempty subset of a real normed linear space E. Let P : E → K be a nonexpansive
retraction of E onto K . A nonself-mapping T : K → E is said to be asymptotically nonexpansive if there exists a sequence
{kn} ⊂ [1,∞), kn → 1 as n →∞ such that:
‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖x− y‖, for all x, y ∈ K and n ≥ 1. (1.2)
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
‖T (PT )n−1x− T (PT )n−1y‖ ≤ L‖x− y‖, for all x, y ∈ K and n ≥ 1. (1.3)
Let K be a nonempty closed convex subset of a real uniformly convex Banach space E. Chidume et al. [3] studied the
following iteration scheme:
x1 ∈ K
xn+1 = P((1− αn)xn + αnT (PT )n−1xn), ∀n ≥ 1, (1.4)
where {αn}n≥1 is a sequence in (0, 1), T : K → E is an asymptotically nonexpansive nonself-mapping and P is as in
Definition 1.1, and obtained the following weak convergence theorem.
Theorem 1.1 (See [3]). Let E be a real uniformly convex Banach space which has a Fréchet differentiable norm and K a nonempty
closed convex subset of E. Let T : K → E be an asymptotically nonexpansive map with sequence {kn} ⊂ [1,∞) such that∑
n≥1(k2n − 1) < ∞ and F(T ) ≠ ∅. Let {αn} ⊂ (0, 1) be such that ϵ ≤ 1 − αn ≤ 1 − ϵ, ∀n ≥ 1 and some ϵ > 0. From
arbitrary x1 ∈ K , define the sequence {xn} by (1.4). Then {xn} converges weakly to some fixed point of T .
In 2006, Wang [4] generalized the iteration process (1.4) as follows:
x1 ∈ K
xn+1 = P((1− αn)xn + αnT1(PT1)n−1yn)
yn = P((1− βn)xn + βnT2(PT2)n−1xn), ∀n ≥ 1,
(1.5)
where {αn}, {βn} are real sequences in [0, 1), T1, T2 : K → E are two asymptotically nonexpansive nonself-mappings and
P is as in Definition 1.1, and proved the following result.
Theorem 1.2 (See [4]). Let K be a nonempty closed convex subset of a real uniformly convex Banach space E satisfying Opial’s
condition. Suppose T1, T2 : K → E are two nonself asymptotically nonexpansive mappings with sequences {kn}, {ln} ⊂ [1,∞)
such that
∑∞
n=1(kn − 1) < ∞,
∑∞
n=1(ln − 1) < ∞, kn → 1, ln → 1 as n → ∞, respectively. Let {xn} be defined by (1.5),
where {αn}, {βn} are two sequences in [ϵ, 1− ϵ) for some ϵ > 0. If F(T1)∩ F(T2) ≠ ∅, then {xn} converges weakly to a common
fixed point of T1 and T2.
Only Theorem 1.2 has been obtained from theweak convergence problem for the sequence defined by (1.5). Inspired and
motivated by [3,5–7,4], the purpose of this paper is to prove some newweak convergence theorems of the iteration scheme
(1.5) for two asymptotically nonexpansive nonself-mappings in uniformly convex Banach spaces.
2. Some lemmas
In order to prove the main results, we need the following lemmas.
Lemma 2.1 (See [4]). Let K be a nonempty closed convex subset of a normed linear space E. Let T1, T2 : K → E be two nonself
asymptotically nonexpansive mappings with sequences {kn}, {ln} ⊂ [1,∞) such that ∑∞n=1(kn − 1) < ∞,∑∞n=1(ln − 1) <∞, kn → 1, ln → 1 as n →∞, respectively. Suppose that {xn} is defined by (1.5), where {αn} and {βn} are two real sequences in
[0, 1). If F(T1)∩F(T2) ≠ ∅ (the set of common fixed points of T1 and T2), then limn→∞ ‖xn−q‖ exists for each q ∈ F(T1)∩F(T2).
Lemma 2.2 (See [4]). Let K be a nonempty closed convex subset of a uniformly convex Banach space E. Suppose T1, T2 : K → E
are two nonself asymptotically nonexpansive mappings with sequences {kn}, {ln} ⊂ [1,∞) such that ∑∞n=1(kn − 1) <∞∑∞n=1(ln − 1) < ∞, kn → 1, ln → 1 as n → ∞, respectively. Let {xn} be defined by (1.5), where {αn}, {βn} are two
sequences in [ϵ, 1− ϵ] for some ϵ > 0. If F(T1) ∩ F(T2) ≠ ∅, then limn→∞ ‖xn − T1xn‖ = limn→∞ ‖xn − T2xn‖ = 0.
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Lemma 2.3 (See [8]). Let X be a uniformly convex Banach space and C a convex subset of X. Then there exists a strictly increasing
continuous convex function γ : [0,∞)→ [0,∞) with γ (0) = 0 such that for each S : C → C with Lipschitz constant L,
‖αSx+ (1− α)Sy− S[αx+ (1− α)y]‖ ≤ Lγ−1

‖x− y‖ − 1
L
‖Sx− Sy‖

for all x, y ∈ C and 0 < α < 1.
Lemma 2.4 (See [8]). Let X be a uniformly convex Banach space such that its dual X∗ has the Kadec–Klee property. Suppose {xn}
is a bounded sequence and f1, f2 ∈ Ww({xn}) (where Ww({xn}) denotes the set of all weak subsequential limits of a bounded
sequence {xn} in X) such that
lim
n→∞ ‖αxn + (1− α)f1 − f2‖
exists for all α ∈ [0, 1]. Then f1 = f2.
Lemma 2.5 (See [3]). Let E be a real uniformly convex Banach space, K a nonempty closed convex subset of E, and let T : K → E
be an asymptotically nonexpansive mapping with a sequence {kn} ⊂ [1,∞) and kn → 1 as n →∞. Then I − T is demiclosed
at zero, i.e., if xn → x weakly and xn − Txn → 0 strongly, then x ∈ F(T ), where F(T ) is the set of fixed points of T .
3. Main results
In this section, we prove weak convergence theorems of the iterative scheme (1.5) for two asymptotically nonexpansive
nonself-mappings in uniformly convex Banach spaces.
Lemma 3.1. Let E be a real uniformly convex Banach space and K a nonempty closed convex subset of E. Let T1, T2 : K → E
be two asymptotically nonexpansive nonself-mappings with sequences {kn}, {ln} ⊂ [1,∞) such that∑∞n=1(kn − 1) < ∞ and∑∞
n=1(ln − 1) <∞, respectively and F(T1)∩ F(T2) ≠ ∅. Let {xn} be the sequence defined by (1.5), where {αn} and {βn} are two
real sequences in [0, 1). Then for all q1, q2 ∈ F(T1) ∩ F(T2), the limit
lim
n→∞ ‖txn + (1− t)q1 − q2‖
exists for all t ∈ [0, 1].
Proof. Setting an(t) = ‖txn + (1 − t)q1 − q2‖. Then limn→∞ an(0) = ‖q1 − q2‖, and from Lemma 2.1, limn→∞ an(1) =
‖xn − q2‖ exists. It, therefore, remains to prove Lemma 3.1 for t ∈ (0, 1).
Define the mapping Hn : K → K by
Hnx = P((1− αn)x+ αnT1(PT1)n−1P((1− βn)x+ βnT2(PT2)n−1x)), ∀x ∈ K .
Letting kn = 1+ sn, ln = 1+ tn and δn = sn + tn + sntn. Then for all x, y ∈ K , we have
‖Hnx− Hny‖ ≤ (1− αn)‖x− y‖ + αnkn‖P((1− βn)x+ βnT2(PT2)n−1x)− P((1− βn)y+ βnT2(PT2)n−1y)‖
≤ (1− αn)‖x− y‖ + αnkn(1− βn)‖x− y‖ + αnβnknln‖x− y‖
≤ knln‖x− y‖. (3.1)
It follows from 1 ≤∏∞j=n kjlj ≤ e∑∞j=nδj and∑∞n=1 δn <∞ that limn→∞∏∞j=n kjlj = 1. Setting
Sn,m = Hn+m−1Hn+m−2 · · ·Hn, m ≥ 1. (3.2)
From (3.1) and (3.2), we obtain that
‖Sn,mx− Sn,my‖ ≤

n+m−1∏
j=n
kjlj

‖x− y‖
for all x, y ∈ K and Sn,mxn = xn+m, Sn,mq = q for each q ∈ F(T1) ∩ F(T2).
Letting
bn,m = ‖tSn,mxn + (1− t)Sn,mq1 − Sn,m(txn + (1− t)q1)‖. (3.3)
Using (3.3) and Lemma 2.3, we have
bn,m ≤

n+m−1∏
j=n
kjlj

γ−1
‖xn − q1‖ − n+m−1∏
j=n
kjlj
−1
‖Sn,mxn − Sn,mq1‖

≤
 ∞∏
j=n
kjlj

γ−1
‖xn − q1‖ −  ∞∏
j=n
kjlj
−1
‖xn+m − q1‖
 .
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It follows from Lemma 2.1 and limn→∞
∏∞
j=n kjlj = 1 that limn→∞ bn,m = 0 uniformly for allm. Observe that
an+m(t) ≤ ‖txn+m + (1− t)q1 − q2 + (Sn,m(txn + (1− t)q1)− tSn,mxn − (1− t)Sn,mq1)‖
+‖ − (Sn,m(txn + (1− t)q1)− tSn,mxn − (1− t)Sn,mq1)‖
= ‖Sn,m(txn + (1− t)q1)− q2‖ + bn,m
= ‖Sn,m(txn + (1− t)q1)− Sn,mq2‖ + bn,m
≤

n+m−1∏
j=n
kjlj

‖txn + (1− t)q1 − q2‖ + bn,m
≤
 ∞∏
j=n
kjlj

an(t)+ bn,m.
So, lim supn→∞ an(t) ≤ lim infn→∞ an(t). That is
lim
n→∞ ‖txn + (1− t)q1 − q2‖
exists for all t ∈ (0, 1). This completes the proof. 
Lemma 3.2. Let E be a real uniformly convex Banach space which has a Fréchet differentiable norm and K a nonempty closed
convex subset of E. Let T1, T2 : K → E be two asymptotically nonexpansive nonself-mappingswith sequences {kn}, {ln} ⊂ [1,∞)
such that
∑∞
n=1(kn − 1) < ∞ and
∑∞
n=1(ln − 1) < ∞, respectively and F(T1) ∩ F(T2) ≠ ∅. Let {xn} be the sequence defined
by (1.5), where {αn} and {βn} are two real sequences in [0, 1). Then for all q1, q2 ∈ F(T1) ∩ F(T2), the limit
lim
n→∞⟨xn, j(q1 − q2)⟩
exists. Furthermore, if Ww(xn) denotes the set of all weak subsequential limits of {xn}, then ⟨x∗ − y∗, j(q1 − q2)⟩ = 0 for all
q1, q2 ∈ F(T1) ∩ F(T2) and x∗, y∗ ∈ Ww(xn).
Proof. This is basically the proof of Lemma 4 of [1]. For completeness, we sketch the details. Setting x = q1 − q2 and
h = t(xn− q1), 0 ≤ t ≤ 1 in (1.1). Since b is increasing and ‖xn− q1‖ ≤ M for someM > 0 and all n ≥ 1, using Lemma 2.1,
we have
1
2
‖q1 − q2‖2 + t⟨xn − q1, j(q1 − q2)⟩ ≤ 12‖txn + (1− t)q1 − q2‖
2
≤ 1
2
‖q1 − q2‖2 + t⟨xn − q1, j(q1 − q2)⟩ + b(tM). (3.4)
It follows from (3.4) and Lemma 3.1 that
1
2
‖q1 − q2‖2 + t lim sup
n→∞
⟨xn − q1, j(q1 − q2)⟩ ≤ 12 limn→∞ ‖txn + (1− t)q1 − q2‖
2
≤ 1
2
‖q1 − q2‖2 + t lim inf
n→∞ ⟨xn − q1, j(q1 − q2)⟩ + b(tM) (3.5)
and so
lim sup
n→∞
⟨xn, j(q1 − q2)⟩ ≤ lim inf
n→∞ ⟨xn, j(q1 − q2)⟩ +
b(tM)
t
(3.6)
for 0 < t ≤ 1. From (3.6) and limt→0+ b(tM)t = limt→0+ Mb(tM)tM = 0, we have
lim
n→∞⟨xn, j(q1 − q2)⟩. (3.7)
Furthermore, there exists a subsequence {xnk} of {xn} such that limk→∞⟨xnk , j(q1 − q2)⟩ = ⟨x∗, j(q1 − q2)⟩ and so
limn→∞⟨xn, j(q1 − q2)⟩ = ⟨x∗, j(q1 − q2)⟩ for all x∗ ∈ Ww(xn). This shows that ⟨x∗ − y∗, j(q1 − q2)⟩ = 0 for all
q1, q2 ∈ F(T1) ∩ F(T2) and x∗, y∗ ∈ Ww(xn). This completes the proof. 
Theorem 3.1. Let E be a real uniformly convex Banach space which has a Fréchet differentiable norm and K a nonempty closed
convex subset of E. Let T1, T2 : K → E be two asymptotically nonexpansive nonself-mappingswith sequences {kn}, {ln} ⊂ [1,∞)
such that
∑∞
n=1(kn − 1) < ∞ and
∑∞
n=1(ln − 1) < ∞, respectively and F(T1) ∩ F(T2) ≠ ∅. Let {xn} be the sequence defined
by (1.5), where {αn} and {βn} are two real sequences in [ϵ, 1− ϵ] for some ϵ > 0. Then {xn} converges weakly to a common fixed
point of T1 and T2.
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Proof. By Lemma 2.1, {xn} is bounded. Since E is reflexive, there exists a subsequence {xnk} of {xn}which converges weakly
to some q ∈ K . By Lemma 2.2, we have
lim
k→∞ ‖xnk − T1xnk‖ = limk→∞ ‖xnk − T2xnk‖ = 0.
It follows from Lemma 2.5 that q ∈ F(T1) ∩ F(T2).
Now, we prove that {xn} converges weakly to q. Suppose there exists some subsequence {xmj} of {xn} such that {xmj}
converges weakly to some q1 ∈ K . Then by the same method as given above, we can also prove that q1 ∈ F(T1) ∩ F(T2). So
q, q1 ∈ (F(T1) ∩ F(T2)) ∩Ww(xn). It follows from Lemma 3.2 that
‖q− q1‖2 = ⟨q− q1, j(q− q1)⟩ = 0.
Therefore, q1 = q, this shows that {xn} converges weakly to q. This completes the proof. 
Theorem 3.2. Let E be a real uniformly convex Banach space such that its dual E∗ has the Kadec–Klee property and K a
nonempty closed convex subset of E. Let T1, T2 : K → E be two asymptotically nonexpansive nonself-mappings with sequences
{kn}, {ln} ⊂ [1,∞) such that∑∞n=1(kn− 1) <∞ and∑∞n=1(ln− 1) <∞, respectively and F(T1)∩ F(T2) ≠ ∅. Let {xn} be the
sequence defined by (1.5), where {αn} and {βn} are two real sequences in [ϵ, 1− ϵ] for some ϵ > 0. Then {xn} converges weakly
to a common fixed point of T1 and T2.
Proof. Using the same method as given Theorem 3.1, we can prove that there exists a subsequence {xnk} of {xn} which
converges weakly to some q ∈ F(T1) ∩ F(T2).
Now, we prove that {xn} converges weakly to q. Suppose there exists some subsequence {xmj} of {xn} such that {xmj}
converges weakly to some q∗ ∈ K . Then as for q, q∗ ∈ F(T1) ∩ F(T2). It follows from Lemma 3.1 that the limit
lim
n→∞ ‖txn + (1− t)q− q
∗‖
exists for all t ∈ [0, 1]. Again, since q, q∗ ∈ Ww(xn) and so q∗ = q by Lemma 2.4. This shows that {xn} converges weakly
to q. This completes the proof. 
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